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1. Abstract

The subject of this report is to provide an investigation of different methods for modeling
a particular type of 2-dimensional data that is known to occur. This data has a tendency for the
slope to change over time, though the exact nature of this slope change is not known.
Furthermore, this data is essentially first-quadrant data; X values start at 0 and increase for each
data point, while Y values can occasionally be negative but are generally positive.

Three different methods for modeling this type of data will be investigated in this report.
The first is to create a two-piece linear model of the data, where there are two separate lines,
each of which has its own independent slope, which connect at a breakpoint. The second method
is to interpolate between known data points using cubic splines. The third method is to generate a
logarithmic fit of the data.

The three methods will be evaluated by their abilities to provide useful models for the
known data, as well as to provide a good basis for forecasting of future data points. All three
methods will be applied to the same generated sample data set that exhibits the characteristics as
described.



2. Introduction

In many applications where data is acquired, the data has a trend that most points
tend to follow. However, data often has noise around this trend, and without
mathematical or statistical analysis, it can be very difficult to discern the underlying trend
from a set of noisy data. When a model is being developed by a collaboration, there can
sometimes be disagreement between different individuals about what kind of the trend
the data is following, with valid reasoning coming from each based on a visual inspection
of the data.

A simple model to create is to generate a linear fit through data. Unfortunately,
this type of model can be misleading, since many trends do not follow one line, but may
be a curve, or reach a point and have a change in slope. The following report investigates
three more rigorous and flexible options for fitting first quadrant, X-Y types of data: A
two-piece linear approximation, cubic spline interpolation, and a logarithmic fit. The first
two algorithms are excel programs created to apply theory laid out by Carl de Boor in “A
Practical Guide to Splines,” where the user simply pastes the desired X-Y data into two
columns of the spreadsheet and uses the tool to generate the model.

Samples sets of X-Y data are run through each program to evaluate program
effectiveness. The piecewise linear model generally does a better job of ignoring the
noise in the data to identify a trend, but has difficulty modeling more complicated trends.
Conversely, the cubic spline interpolation model more easily handles a complicated
trend, but the noise in the data has a more significant impact on the model itself. The
logarithmic model gives a single, smooth curve, but cannot handle an abrupt change in
slope very well.

The ability of each model to interpolate between known data and identify the
underlying trend to the data are investigated in the analysis, with conclusions and
recommendations for the types of data sets to be used for each algorithm and
improvements to each included.



3. Piecewise Linear Approximation

3.1 Theory

The theory applied for the Piecewise Linear Approximation program comes from
Chapter III of “A Practical Guide to Splines” by Carl de Boor. The portions of the theory
written by de Boor that are used in the created program are presented here, while the full
text should be referenced if the reader desires the derivation.

Essentially, the piecewise linear approximation is built off of basis lines with
weighted coefficients, added together. The end point of each basis line is denoted as T,
where T; corresponds to the X value for the beginning of the first line, T, is the first break
point, etc. until T, is reached, which is the end point of the last line. Next, the basis lines
are defined in terms of T and x as follows':

x—T.
— 1 1, <xS<T,
I, =1,
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Ti+l Ti
0 otherwise

Looking at the set up of the basis lines H, each basis line will affect the
approximation between two separate sets of T values. It should be noted that for the basis
lines on the ends, the variables for T, or T;+; will not have values, but the part of the basis
line where these nonexistent terms appear are outside the range of the area being
modeled, and can thus be ignored.

Using these basis lines H(x) can be found. H(x) is the least squares approximation
of g(x), where g(x) defines the Y values of the data in question. H(x) is found using the
following equation’:

T.—T. T...—T. r..-1,
i - i-1 a. + Lt 3 i-1 a, + z+l6 i a.., :J'Hi(x)g(x)dx, i:1,2,...,n (3.2)

On the first and last basis lines (i =1 and i =n) 0 and 0,; will appear, and these
values are essentially removed from equation 2 for the respective cases. What equation 2
gives is a system of equations relating the weighting factors, a, and the basis lines, H(x),
to the data being fit, g(x). The equations can be written in matrix form, creating a
coefficient matrix with 3 diagonal lines of values, with all other values zero. By taking
the inverse of this coefficient matrix and multiplying it by a column vector of the
H(x)g(x) integral values, the weighting factors can be determined.

"de Boor, 41
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Once the weighting factors are known, the linear approximation can be easily
determined using equation 3.’

Lg=>aH, (33)

j=1

This means that the linear approximation, or 2 dimensional approximation (L,g) is
simply the sum of each of the basis lines (H;) multiplied by the corresponding weighting
factor ().

For the case of the 2 piece linear fit, there are only three T values: the first x value
in the data set, the breakpoint, and the last x value in the data set. This also gives a set of
3 basis vectors and weighting factors to be determined.

3 de Boor, 43



3.2 Explanation of Excel Program

For convenience, a visual of the spreadsheet for this program is shown in
Appendix 1. The Excel spreadsheet consists of mostly grayed out cells with a few
locations where the cells are left white. Grayed out cells are cells that are written when
the program is run, while the cells left white with the proper labels either above or next to
them are user inputs.

The user inputs the desired breakpoint to be modeled, next to the cell labeled
“Breakpoint”, above the buttons to run the program. It is recommended that the user input
a breakpoint that corresponds to one of the X values in the data, since this will create a
clean break on the chart. The values of T;, T,, and T3 are computed automatically, with T;
corresponding to the first X value, T, equal to the user-input breakpoint, and T3 equal to
the last X value. The cells for the T values can be found to the right of the buttons.

The user must also input the data to be modeled into the “X” and “Y”” columns,
which are left white for this purpose. When the breakpoint and data have been put in the
correct locations, the “Run Program” button can then be pushed, which will write values
to the remaining grayed out columns, eventually giving an output of the least squares
pieceweise linear approximation to the data at the given breakpoint.

The VBA code writes values under each of the bold labels in the grayed out
columns, applying the theory explained previously. First, the “H1”, “H2”, and “H3”
columns correspond to the basis lines explained in the previous section. H1 ranges
between T; and T,, H2 ranges between 1, and T3, and H3 ranges from T, to T3. The logic in
the VBA determines which two values of T the X value falls between for each row, and
then writes the values for H1, H2, and H3, applying equation 1. This forms the basis lines
for this fit.

Next, the “dx” column is written. This column is used as part of a numerical
integration to satisfy the right side of equation 2 based on the values written under H1,
H2, and H3. The dx value is found by taking the half the difference between each X value
and the point before, as well as half the difference between the X value and the point after
it, and adding the two. Essentially, the integral is broken up by having each piece “dx”
value range from the middle between two points on its left to the middle between two
points on its right, as illustrated in Figure 3.1:
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Figure 3.1: How the “dx” values are partitioned

On the endpoints, the values of dx will generally be smaller, since the area
“covered” only goes in one direction, with no point on the other side of the endpoints.

With the values for the basis lines and the dx values known, the Hj(x)g(x)dx
columns are written by simply taking the product of the appropriate H, the Y value of the
row, and the dx value of the row.

The sum of each of the H;j(x)g(x)dx columns is taken and written towards the right
of the spreadsheet, the bolded values on the set up matrix equation. The left side of this
matrix equation shows the coefficients for the weighting factors, or the left hand side of
equation 2. This matrix is written purely based on the three “tau” values above the
matrix.

Note that there is a “MATLAB Input” in gray as well. There is an accompanying
small MATLAB code (PiecewiseLinearMatrixReduce.m) that can be used to find the
solutions to the weighting factors by using the “rref” function in MATLAB, but a faster
solution was then developed.

The more efficient solution occurs below the “Matrix Equation.” These three cells
reflect the derivation of the solution for each value of alpha for a system of 3 equations
and 3 unknowns. The equations applied are complex, and the derivation can be found in
Appendix 2. By having these equations built into the spreadsheet, the solution can be
found right away, instead of having to switch between Excel and MATLAB.

Once the values of 0 have been determined, the columns “H;*alpha” are written,
where the VBA code multiplies the corresponding H value by the solved alpha value. For
example, the values for “H1*alphal” are found by taking all values in the “H1” column
and multiplying them by the “alpha 1" solution on the right side of the spreadsheet. The
“Hj*alpha” columns provide the three separate a;H; values on the right hand side of
equation 3; the final column of the program, P(x), takes the sum of the 3 cells to the left,
which is equivalent to taking the sum of the a;H;, satisfying the least squares linear



approximation desired in equation 3. P(x) gives the Y value for the piecewise linear
approximation at each X value in the data.

Some useful information about the fit is provided below the run buttons. First, the
R? value is computed, using the formula®

(4)

Where SSg” and Syy® are calculated applying equations 5 and 6 to the data, and Y
bar in equation 6 is the average value of Y from the data:

SSp = > (Y(x) - P(x)) (5)

Sy =3 (r(o-7f (6)

The “Chart” tab in the program plots the given data points as blue diamonds and
the piecewise fit as a magenta line.

* Ross, 337
> Ross, 336
6 Ross, 336



3.3 Example

In this section, a walkthrough of using the program, starting with the raw data
through viewing the results, is provided.

First, upon opening the Excel workbook with the program included, choose the
“Program” tab. This is the place where all modeling calculations are performed. The user
will notice two unshaded columns followed by many gray shaded columns, with a two
lines through the gray shading. Each column has a header descriptive of the type of
calculation that will appear when the program is run. Next to these gray shaded columns
appear 3 buttons and the input breakpoint cell. This is the crucial area for controlling the
program. Figure 3.2 shows an example screenshot of the area in question

Breakpoint: 15

Clear Data

oolve Alpha Coefficients

Determine Approximation

Figure 3.2: The main control panel for the Piecewise Linear Excel Program. In this
example, the breakpoint for running the program would occur at X = 15.

If there is any data on the sheet, press the “Clear Data” button. It may be a good
idea to press this button regardless, in case there are values written somewhere
unexpected.

Next, take the desired data, assuming it is in two columns, X and Y. Copy this
data and paste it onto cell A2 of the “Program” tab. This will fill the two unshaded
columns marked “X” and “Y”, the input data. Ensure that the data is sorted by X value in
ascending order.

The breakpoint desired between the two pieces of the fit needs to be chosen. Back
on the control panel (Figure 1) there is a cell with “Breakpoint:” written, and either a
blank cell or a value next to it. Input the desired breakpoint to the cell next to this label,
cell P2. For plotting purposes, it is recommended to choose a breakpoint corresponding to
an X value. Otherwise, the plot of the two-piece linear fit may appear to be 3 pieces,
since the points chosen on the fit define the points used to overlay the piecewise linear fit
onto the data in the “Chart” tab to review the finished model. However, this is not a
requirement; the user may choose any breakpoint to run the model, as long as this effect
on plotting is understood.

Once the data has been pasted into the sheet, click the “Solve Alpha Coefficients”
button. After pressing this button, all gray shaded cells between the “Y” column and the



first vertical line should be written, covering the same number of rows as the input data.
There may be many cells with 0’s written in them; this is not necessarily a cause for
concern, since the basis lines as explained in the theory may have no influence on some
of the points in question.

The actual alpha coefficients solved running this script are written further to the
right, in column Z. There is a crude representation of the matrix equation solved in rows
15 through 17, and the desired solutions for the coefficients appearing below this, in rows
20 through 22", This area of the program is shown in an example screenshot in Figure 3.3

tau 1 0 delta taul 15
tau 2 14 delta_taul 45
tau_3 B0
MATLAE Input
] 25 0 3102977 ;
245 20 75 4031712
a 7.5 15 4073549 ,

M atrix Eguatinn

g 25 O alpha_1 3102977
25 20 75 * alpha 2 = 4081.712
1] 75 15 alpha_3 4078.549
Solution
alpha_1 I -0.85011!
alpha 2 125.8193
alpha 3 208.9936

Figure 3.3: Example of program setup for calculating o coefficients after determining
approximate integrals for H(x)g(x) on each basis line.

Now that these coefficients have been solved, the next step is to click the
“Determine Approximation” button on the control panel. This will fill in the remaining 4
gray shaded columns, with the modeled P(x) points appearing in the final column. At this
point, the program has finished the run. The resultant chart showing the model fit through
the data can be viewed by selecting the “Chart” tab. An example of this view is provided
in Figure 3.3.

" Originally, the MATLAB input appearing here was used along with a short MATLAB script to find the
values of 0, which is why the program is broken into two pieces. To increase efficiency with using the
program, the direct solutions in terms of variables for 3 equations and 3 unknowns, as is the case for the Q,
were derived and input to these three cells. However, the forms of these solutions are inherently
complicated, and while the formulas have been tested extensively against the MATLAB input and script to
ensure the result is the same, the decision was made to leave the MATLAB input and provide the script to
appease any skeptics.
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Figure 3.4: Example input data with a piecewise linear model fit through it, from the
“Chart” tab.

Also note that the input data by itself can be viewed by choosing the
“JustDataChart™ tab.

Back on the “Program” tab, there is a cell just below the control panel where an
R? value of the piecewise fit is calculated. By changing the Breakpoint at the top of the
control panel, running through the program, and viewing the resultant R* values, an
optimal breakpoint for the fit can be determined statistically.

It should be stressed that this program is not intended to provide an
unquestionable best answer for how the data should be fit. It should be treated as a tool
with a considerable amount of theoretical and statistical rigor to help decide relatively
quickly how a two-piece linear fit should be drawn through the data. Other factors,
depending on the problem at hand, may influence what fit should be chosen.

An additional button, “Run Loop,” can be found below the R? value cell in the
Program tab. If this button is clicked, the VBA script “RunLoop()” is run, which
automatically varies the breakpoint value from the second X point to the second to last X
point, recording the R? fit for each, then ends by running the fit for the optimal R? value
found during the loop through all possible breakpoints.



3.4 Program Effectiveness Evaluation

To demonstrate the effectiveness of the program, a data set following a particular
piecewise linear trend was created. This data then had random noise added to it, and the
noisy data was input to the piecewise linear program to determine how close to the actual
trend the program would fit the data.

The data created for this test begins at the point (0,0), then follows a slope of Y =
10X up through the point (25, 250). From there, the slope decreases to 3, running through
the point (60, 355).

The noise applied to the data affects only the Y values. The noise applied chooses
a random value from an equal probability distribution of +/- 25 from the “original” Y
value.

Figure 3.5 shows a plot of the raw data points created for this test:
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Figure 3.5: Raw data input to the program

This raw data is loaded into the program, and a range of guesses for the
Breakpoint varying between X = 15 and X = 35 are checked to find the best R? value.
Table 1 shows the range of tested Breakpoints and corresponding R? values:



Breakpoint RA2
15 0.969497
16 0.971547
17 0.973676
18 0.975907
19 0.978212
20 0.980217
21 0.981876
22 0.982912
23 0.983521
24 0.983383
25 0.982925
26 0.981976
27 0.980931
28 0.980931
29 0.980931
30 0.980931
31 0.975529
32 0.975529
33 0.971239
34 0.971239
35 0.96641

Table 3.1: Breakpoints and R” values for test data

From reviewing Table 3.1, the best breakpoint to choose for this analysis is X =
23. Recall that the actual breakpoint in this data occurs at X = 25. Also, the “RunLoop”
button confirms this result, giving an output fit with the breakpoint at X = 23.

Figures 3.5 and 3.6 show the data with the program’s determined two-piece linear
fit followed by the program two-piece linear fit compared to the actual “baseline” for the
noisy data:
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Figure 3.5: Noisy data and piecewise linear best fit
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Figure 3.6: Piecewise linear approximation compared to data basis



Figure 3.6 shows that the piecewise linear approximation comes very close to
matching the basis for the data. This illustrates the intent of created a piecewise linear fit
onto data that appears to have a changing slope: the inherent noise that is often present in
data acquisition can be worked out by creating a model of this type.



3.5 Conclusions

This program can be used to quickly create a two piece linear model on all kinds
of X-Y data, as long as this data can be acquired in such a way as to create two columns
in an excel spreadsheet. There are countless applications where data is fit using a single
line regression model. This program gives the user the option to put a single break in this
same type of model for a more effective fit. It is important to use judgment in deciding if
the type of data warrants a two-piece or one-piece linear model; application of this
program to noisy data which actually follows a single trend could lead the user to draw
incorrect conclusions. However, in situations where it is clear the trend has changed at
some point, this program is a quick way to make an estimate of where the transition
happens and generate the two piece model with some mathematical and statistical rigor.

It is also important to use judgment in deciding exactly where to place the break
point, if the user is sure he or she wishes to use a two-piece linear model. The R?
measurement is included to help make this decision, but blindly choosing the case where
the R? is highest may also lead the user to draw the wrong conclusions. What the given
data represents needs to be taken into account; the program is only intended to be a tool
to aid the user in making these types of decisions and creating the model.

While the examples in this paper used only 60 points to make the process more
clear, the program can handle as many points as there are rows in the version of Excel in
use (For Excel 2000, the row limit is 65536). It should be noted that the program may
slow down considerably to process this many points, but the steps to create the fit would
be the same.

An obvious improvement to this program would be to give the user more
flexibility by allowing for more break points. Just as some data call for a single line
regression and some call for a two-piece linear regression, there will be data where a
three, four, or even more piece linear regression may be the better choice. Creating this
program to have many options, or using the program has a base to generate excel
programs to create more pieces on a fit would be a good way to enhance this tool.



4. Cubic Spline Interpolation

4.1 Theory

The theory applied in developing the Cubic Spline Interpolation excel program
for this study is taken from Chapter IV of “A Practical Guide to Splines” by de Boor. The
specifically applied aspects of the theory will be explained in this section, while a more
detailed explanation of the derivations can be found in the original source.

A piecewise cubic spline creates a separate function to interpolate between each
known data point in such a way that the separate curves will smoothly join at each point.
Written mathematically’,

f(x)=P(x) forr,<x<r1,,1=1,...,n-1 4.1)

Where T denotes the x value of each of the n data points. Since the spline is
interpolating between points, there will be one less piece than number of points, hence
the range of iup ton — 1.

To create a smooth connection point between pieces, the y value and the slope of
each spline at the endpoints is constrained. The values of P(T) are set equal to the y values
for each point of data, while the slopes, P’(T), are set equal to flexible parameters to be
defined shortly. Written mathematically?,

P(r)=g(r)  P(1.)=g(.)

4.2)
P()=s,  P(T.)=s,

It should be noted that g(T) indicates the known value, or “Y”, for a given “X”
from the data. To generate cubic pieces that will fit these constraints, each piece of the
function P(x) is defined as follows®:

P(x) = ¢ tCy, (x - Ti)+ C3; (x -, )2 ey, (x g )3 (4.3)

Where the four coefficients in P(x) are written®:

" de Boor, 49
% de Boor, 49
3 de Boor, 50
*de Boor, 50



Cy,i =B(Ti)=g(rz)
Cyi = B'(Ti) =S
N
c,. = P”'(Ti) —Si * 8,4 _Z[Twriﬂ]g

R (ar,)

In (4.4), the term [T;,Ti+;]g is short for a more expanded form involving T; and T4,
defined here’:

—_ g(T.+1)_g(T~)
7.7 ]g == — (45)
Ti+l Ti
Also, the same as in the piecewise linear approximation®,
AT. =1, —T, (4.6)

Since the values of T and g(T) come directly from the input data, the only terms
that need to be calculated are the flexible s parameters present in (4.4). There are many
options of ways to solve for the s parameters outlined by de Boor, and the method chosen
for this program is labeled “Cubic spline interpolation.” The advantage of this choice is
that the cubic spline function will be twice continuously differentiable, instead of just
once as the original structure dictates, so that the splines fit together with the same slope
and same curvature. This will create an even smoother fit between the data points.

Using this assumption, a system of equations for the s parameters are set up with
the following equation’:

s AT, +s2(Ar +AT)+5s, AT =, (4.7)
Where b; is defined®:

bi = 3(A Ti[ri—U I, ]g + Ari—l [Ti ’ Ti+l]g) fori=2,...,n-1 (4.8)

3 de Boor, 4

% de Boor, 40
" de Boor, 54
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In (4.8), [T, Ti+1]g is as written in (4.5) and [Ty.;,T;]g is defined’:

_slr)-elr.) (4.9)

[Ti—l > T ]g -

It should be noted that (4.8) does not define the value of b fori=1 ori=n. This
1s another situation where a choice needs to be made. For the situation where there is no

knowledge of the end point derivatives for the data, as is the case here, de Boor
recommends using the “not-a-knot” condition. The last two equations added to the

system defined in (4.7) are given here'’:

): (ATI +2(T3 _Tl))ATZ[TI’TZ]g +(AT1)2[T2,T3]g

s,AT, + s, (T3 -
=0 (4.10)
Sn—l (Tn - Tn—2 ) + SnA Tn—2 = (A Tﬂ_l )2 [Tn—Z b4 Tn—l ]g + (2(:1 : ;n—Z ) + ATn—l )A Tn—Z [Tn—l 2 Tn ]g
n n-2

With the equations in (4.7), (4.8), and (4.10), a system of n equations with n
unknown values of s has been defined. Solving this system of equations will yield the s
parameters, which are then in turn plugged into (4.4) to find the coefficients of each

individual piece of the cubic spline interpolation fit to the data.

? de Boor, 4
10 de Boor, 55-56



4.2 Explanation of Excel Program

The program to apply this theory and generate a cubic spline interpolation fit for a
series of user-input X-Y data took a similar approach to the program used for the
piecewise linear fit approximation. There are two columns that are unshaded for the user
to copy in the X-Y data, with grey columns adjacent which are filled in by a macro
applying the equations laid out in the theory section. The VBA macro scripts used to run
this program can be viewed in Appendix 4.

There are two separate macro scripts that must be run to generate the cubic spline
interpolation for the data. The first macro calculates the b; values and the coefficients in
front of the s; parameters. The second script takes the s; parameters and calculates the c
coefficients that define the cubic spline, P(x), as shown in (4.3).

The first Excel macro, named in the script “WriteSMatrix(),” is run by clicking
the button on the right side of the data labeled “Generate S Coefficients.” The first step
this macro takes is to determine the number of points with which the program must deal.
This is done by using the excel “count” function on the column of X values input by the
user. This value is saved to the variable “Points” in the program.

The first column calculated in the Excel macro is the “delta_tau” column, which
generates the values for At; on each line. Each row is calculated by taking the X value for
the next row and subtracting the X value on the current row. There is no “delta tau”
value for the last line of the data, so the cell in this column is left blank.

The second calculated column is the “[tau_i-1,tau_i]g” column, which generated
the values for [T;.1,Ti]g as defined in (4.9). The equation applied takes the difference
between the Y value in the current row and the Y value in the previous row and divides it
by the difference between the X value in the previous row and the X value in the current
row. There is no “[tau_i-1,tau_i]g” value for the first line of the data.

Next, the “[tau_i,tau_i+1]g” column is calculated by applying the equation in
(4.5). The difference between the Y value in the next row and the Y value in the current
row is divided by the difference between the X value in the next row and the X value in
the current row. There is no “[tau_i,tau_i+1]g” value for the last line of the data.

The values of b; are calculated next, applying the equations in (4.8) and (4.10).
For the first and last row, the b; column contains the value on the right hand side of the
appropriate equation in (4.10).

The coefficients of the s matrix are then determined, filling in the “s i-1 coeft”,
“s icoeff’, and “s_i+1 coeff” columns. The coefficients on the left hand side of (4.7) are
used in these columns, except for the first and last line, which use the coefficients on the
left hand side of (4.10). For example, the “s_i-1 coeff” value for the third row will be
equal to Ats, which is the X value in the fourth row minus the X value in the third row.

Once the column of b; and s; coefficients have been calculated, a matrix can be
created to model the system of equations laid out in (4.7), (4.8), and (4.10). To do this, a
small script was written in MATLAB that will take the four columns of this Excel
program (“b_i”,’s_i-1 coeff”,”s i coeff”, and “s_i+1 coeff”) as they are formatted in the
Excel sheet, generate the matrix, and row reduce it to yield the values of the s parameters.
The code for this script can be seen in Appendix 5. The “input” matrix should be replaced
with the four columns in the Excel sheet, and the script will take them in this format and
do the rest of the needed work to determine the s parameters.



Once the values of the s parameters have been calculated, they should be copied
into the unshaded column labeled “s 1. The second macro should now be run to
calculate the ¢ values for P(x) by clicking the button on the right side of the data labeled
“Generate Cubic Coefficients.” This runs the VBA script named “WriteCubicCoeffs()”
which can be seen in Appendix 4.

In WriteCubicCoeffs(), each of the coefficients that make up the separate pieces
of the piecewise cubic spline are written. The four equations present in (4.4) are applied,
since all values on the right hand side of these equations are now known after solving for
the s parameters. Note that the final row does not have coefficients since each spline
piece interpolates between two points, so one less piece needs to be created than number
of points.

Finally, with the piecewise cubic spline coefficients having been solved, the last
button that can be pressed is labeled “Write spline points.” This executes the VBA macro
“Splinelnterp()”, which generates the interpolated values determined by the splines for 10
times the number of points from the original input. This allows for a visual representation
of the cubic spline curve to be overlaid on the data points in a chart, which can be seen on
the “Plot” tab of the Excel workbook.

“Splinelnterp()” writes all values onto a new worksheet called “InterpValues.”
What the script does is determine the maximum and minimum X values, as well as the
total number of input points, and determine how many points to be written. Then,
maintaining and even spacing between each interpolation point, the appropriate spline
number is determined for each interpolation points. For example, if the first two input
data points were X = 10 and X = 20, the interpolation point X = 12 would be identified as
spline 1. Then, the coefficients solved using WriteCubicCoeffs() are drawn onto the row
in question on the InterpValues worksheet. With the correct cubic spline coefficients for
the point determined, (4.3) is then applied to find the Y value corresponding to this cubic
spline interpolation.



4.3 Example run

To help understand how the program is used, an example of running a set of data
through the created program will now be presented.

When the program is first loaded, the “CubicSpl” tab is chosen, and if there is any
data present on this sheet, it should be cleared. This can be done by choosing the “Clear
Data” button on the control panel to the right of the gray shaded cells.

Clear Data

Generate & Coefficients

Generate Cubic Coefficients

Write Spline Points

Figure 4.1: Control panel for Cubic Splines program

Once the data has been cleared, the desired data on which to generate the cubic
splines is input into the two unshaded columns marked “X” and “Y.” Ensure that the data
is sorted in order of ascending X values, then press the “Generate S Coefficients” button
on the control panel.

When this button is clicked, shaded columns A and D-J should be filled with
values. The s-coefficient matrix and b-vector have now been generated in the four
rightmost of these columns. The next step is to solve for the actual s values based on this
matrix.

Any method of matrix row reduction is acceptable to determine the s values. In
this case, the appropriate columns from the excel sheet are copied into the provided
MATLAB code, “CubicSpline.m.” (See Appendix 5).

A B c | D | E | F [ G | H | [ J K

i |X Y delta_tau [tau_i-1,tau_i]g [tau_i,tau_i+1]g b_i s_i-1 coeff s_i coeff s_i+1 coeff|s i
11 ] 0 1 0.707106781) 1.914213562 0.8319
12 1 0707106781 1 0.707 106731 0.252893219 0.5412
13 2 1 1 0.292893219 -0.29289319 0.0035
14 3 0707106781 1 -0.292893219 -0.707 106781 -0.5551
15 4 0 1 -0.707106731 -0.707 106781 0.7831
16 5 -0.707106781 1 -0.707106781 -0.29289319 -0.5551
17 5 -1 1 0292893219 0.25289319 0.0035
18 7 0707106781 1 0.252893219 0.7071067581 0.5412
19 g 0 0.8319

Figure 4.2: Example of excel selection to be copied into the MATLAB script



The matrix “input” in the MATLAB script should be redefined as the values from
excel has highlighted in Figure 2. Note that this selection should drop contain all rows of
data, which in this case is 9 rows.

After the input matrix is replaced in MATLAB, the .m file is run, and the desired
resultant s-vector is displayed as “output” in the MATLAB terminal. This column of
values is copied and pasted into the unshaded “s_i” column back on the Excel sheet, as
shown in Figure 3.

— 1

Al B C [ 0 | E [ F | [ " ] J K

i [X Y delta_tau [tau_i-1,tau_i]g [tau i,tau_i+1]g b i s i-1 coeff s i coeff s i+1 coeff|s i C
|1 1] 1] 1 0.707106751  1.914213562 1] 1 2 0.8319
|2 1 0.707 106751 1 0.707 106751 0.292853218 E 1 4 1 0.5412
13 2 1 1 0292893219 -0.292893219 333067E-16 1 4 1 0.0035
|4 3 0707106751 1 0292893212 -0.707106751 -3 1 4 1( -0.8551
| a 4 0 1 0707106781 0.707106781 -4.242640687 1 4 1( -0.7831
|6 5 -0.707106781 1 0707106781 -0.252893219 -3 1 4 1( -0.5551
17 5 -1 1 0292893219 0.292893218 -B.BE134E-16 1 4 1( 0.0035
|8 7 -0.707106781 1 0.292893219 0.707106781 3 1 4 1 0.5412
] g 1] 1.914213562 2 1 0]_0.8319
|

Figure 4.3: Row reduction solution is placed in the “s 1” column, or Excel column K

Since the s parameters have been determined, the cubic coefficients can now be
calculated. This is done by clicking the “Generate Cubic Coefficients” button on the
control panel. After choosing this button, each row with data will have values written in

the columns marked “c1” through “c4.” The cubic spline equations to interpolate between
each given data point are now complete.

To give a visual representation of the cubic spline interpolation generated, the
“Write Spline Points” button should be clicked on the control panel. This causes a series
of interpolation points between the given data points to be written on the “InterpValues”
tab, which are then displayed on the “Plot” tab along with the given data.

For this example, the cubic spline fit for this given data is shown in Figure 4:
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Figure 4.4: Example plot of cubic splihe interpolation



4.4 Evaluation of Program Effectiveness

The intention of a piecewise cubic spline interpolation is to create a set of curves
which connect the known points with a smooth transition at each known point. In terms
of achieving the basic goal, the program appears to have been successful. The example
run for the program explanation was created by sampling a sine wave from 0 to 21tat a
sampling rate of Tv4. Figure 5 shows the program output, in pink, overlaid with the actual
sine wave from 0 to 2Tt in green:

15

0.5

-15

X
~ Figure 4.5: Sine wave comparison to cubic spline interpolation

As Figure 5 shows, the cubic spline interpolation for a 774 sampling and the
actual sine wave are almost identical. For a simple example, the cubic spline interpolation
was very effective.

Figure 6 shows the same type of comparison for a sampling of T/4 on a curve with
an equation 3cos(x) — 6sin(2x):
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X

Figure 4.6: Cubic spline comparison to the actual curve 3éos(x) — 6sin(2x) from 0 to 2Tt

Figure 6 shows that the cubic splines give a good approximation, though are
unable to follow the more complex curve as closely as the simple sin(x) curve in Figure
5. A higher sampling rate would most likely increase the accuracy of the cubic spline
curve, but a higher sampling rate eventually defeats the purpose of the interpolation.



4.5 Conclusions

This program, or at least the type of theory applied, is something that could be
applied to aid in signal reconstruction if an adequate sampling rate is used on the original
signal. As the example cases have shown, the program appears to create a good
approximation for relatively simple curves with a few sampling points as a guide.

Another application of the program would be to apply it noisy data with a trend
and use the shape of the splines as a way to quantify the data’s noise levels. Data with
sharper changes in curvature for the cubic spline pieces will generally indicate a higher
level of noise in the data, since data following a curve more closely should not lead to
strong deviations in shape from point to point.

The program could be improved in many ways. One option would be to include
different scripts to handle the endpoints. The program description states that the two
endpoint splines were created assuming the “not-a-knot” condition in the theory text to
make the program more flexible. There are cases laid out by de Boor that explain how to
handle the boundary conditions if the first or second derivative of the curve is known at
the endpoint. In those cases where that information is known, allowing the user to easily
change this option could make for more effective fits near the on the boundary splines.

The efficiency of running the program could be improved by creating a script to
do row reduction automatically. Whether this would entail an operating system script to
take the excel output and put it into a MATLAB script or creating a VBA code to row
reduce the matrix, taking the human step of transferring the data to and from MATLAB
out of the process would make the program much easier to use.

Finally, the useful “output” of this program comes from the “InterpValues” tab of
the excel sheets. Options for the user to change how many points are interpolated and a
more concise listing of the equations for each spline would enhance the output of this
program.



5. Comparison of Methods

The two programs as outlined, as well as a general logarithmic fit of the data, all yield
quite different models of a characteristic data set. The data set shown for the program
effectiveness evaluation in Section 3 represents a characteristic data set for the kind of problem
this report addresses. The model for the 2-piece linear fit program for this data is shown in
Figure 5.1:
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Figure 5.1: 2 piece linear fit of characteristic data set

Figure 5.1 shows that the data model follows the general trend of the noisy data well. As
with any generalization, there is a loss of information to create a simpler model, though
considering that it is known this data is noisy, this could be considered advantageous. In
addition, this kind of model allows for a linear projection into the future of the data trend, which
is simpler to work with, without letting the early slope strongly effect this future projection.

Compare this model to the cubic spline model of the data in Figure 5.2. The most
noticeable difference between this model and the linear model is that the cubic model connects
every point in the data, while the linear model generalizes the information. If the fluctuations in
data points from the general linear trend are expected to be important, this kind of model may be
useful. However, if it is known that the fluctuations represent noisy data, a cubic spline model of
the data will provide a more complicated model than the linear just to include noisy. Also, the
cubic spline model cannot be used to effectively make projections into the future, since the
points interpolate between known data.
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Figure 5.2: Cubic spline model of characteristic data set

Finally, Figure 5.3 represents a logarithmic model of the data. Note that since this data set
contains the point (0, -3.67), a logarithmic fit could not handle this point. To make the fit, an
adder of (1, 4) was added to all data points. The logarithmic model itself could then be sampled
and shifted back by (-1,-4) to create a model of the actual data. Similar to the piecewise fit, the
logarithmic model generally follows the data, though the curve in the fit exhibits a decently large
difference near the elbow of the actual data. The advantage to this type of model is that it allows
for a single expression to represent the data set. As for future projections, the nature of a
logarithmic fit will cause a future projection to have a small variance in slope as X increases,
which fulfills the same desirable characteristic of data projection for this application as the
piecewise linear fit.
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Figure 5.3: Logarithmic model of the shifted characteristic data
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Appendix 1

A B

1 X Y
2 0 -3.3286566
3 1) 29.41736279
4 2| 28.68272656
5 3| 13.62386395
5 4| 20.73058833
7 5| B5.6F433111
] 6| 5817213284
9 7| 79.08394255
10 G| 1039661225
1 9| 71.85535583
12 10/ 112.0159305
13 " 129.02014
14 12| 127 3614065
15 13| 136.9394178
16 14| 152.586560
17 15| 143.0893391
18 16| 150.965574
19 17| 157 3969299
20 18| 165.6150553
21 19| 1902637355
22 20 200.7129058
23 21 222.0141198
24 22) 221237583
25 23 244 8BE92677
26 24| 231 6441151
27 26 247 420641
28 2B 233.6455195
28 27 236.2130207
30 28 241842745
31 28| 256.9650071
32 30) 2769008071
EE] 31) 286.3933167
34 32 292.3291797
ES 33| 258.4406491
3B 34| 2791806728
37 36| 2569536642
B 3B 305.5020293
38 37| 286.9958201
40 3B 271.5151014
41 38 283377373
42 400 272 7466152
43 41 310.0358508
44 42 295195846
45 43 2914329207
4B 44 296.2801247
47 45| 2590 6714661
48 46 2596.0352242
48 47 307 5034834
50 48| 335.2766652
51 49 335.7345843

[ 322 9185778

H1
1
(0.956521739
0.913043478
0.869565217
0.826086557
0.782608626
0.739130435
(0.695652174
0.652173513
(0.608695652
0.565217331
0.52173913
0. 47626087
0.434782609
0.391304348
0.347826087
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0. 260869565
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0
0.043478261
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0. 434782609
0. 47826087
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0.565217391
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0.652173913
0.695652174
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Figure A.1: Data input and calculations for piecewise linear program
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P(x)

2 BA126
12.70269
2272412
32.74555
42.78598
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72.83126
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280.4548
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293.9762
2973541
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Breakpoint:
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Clear Data

Solve Alpha Coefiicients

Determine Approximation ‘

R*2 value of fit: =~ 0.953521

Figure A.2: Control panel and side calculations for piecewise linear program

Solution

alpha_1 2.68126
alpha_2 233.1741
alpha_3 358.1562

T [ v [ v | w [ ¥ ¥
61
tau_1 ] delta_taul 23
tau_2 23 delta_tau2 37
tau_3 B0
MATLAB Input
7 BEBREEREY |3.833333 0 9143905
3833333333 20 B.1BBEE7  BEE2.39
0 A.1666E7 12.33333 5355.166
Matrix Equation
7 BEBBEERGY 3.833333 0 alpha_1
3.833333333 20 B.16BBEE7 * alpha_2 =
0 F.1666E7 12.33333 alpha_3

914.3905
B552.39
5855166



Appendix 2

Derivation of equations for a for a system of 3 equations

Begin with the system of 3 equations:
k, =aa, t+ha, +ca,
k, =a,a, +b,a, +c,q, (A1)

k, =a,a,+b,a, +c,a,

Solve the first for the explicit form of a;:

_k —ba, —ca,

a, (A.2)

a
Solve the second for the explicit form of ,, substituting in the result of (A.2) for a;:

a,
k, _(kl -ba, _Clas)_cza3

a (A.3)
a, = 1

b2

Since the definition of a; from (A.2) has o in it, group all a; terms on the left hand side
of the equation and then normalize the right hand side to have an explicit form of a; in
terms of only O3 and matrix values:

a a
b,a, — —2b10’2 =k, - —2Z (k1 -qa, ) —-c,a, (A.4)

a a

a,
k, = ; (kl - Clas) —C,a,
a, = ! (A.5)
a,
bz T bl



Plug this definition of 0 into (A.2) to get an explicit form for ; in terms of only matrix
values and 05:

a,
k, _a(kl _0103) — A,
_ | _
k, — b, p o a; A6
2 .
bz T bl
a,
a,

Now that both a; and a, have been found in terms of 03 and matrix values only, solve for

the explicit form of a3 from (A.1) and replace a; and 0, with their respective derived
equations, (A.5) and (A.6):

ky —a,a, —b,Q,

a, = (A.7)
Cs
a,
L q kz_a(k1_01a3)_cza3
_ Ky a4, _ ! _
a,=————k, —b _ aa,
Gy 4Gy b2_72b1
a,
(A.8)
ke, =2k, —c,a,)-c,a
2 SLZE U3
_b3 a
c _4a,
3 bz 7171




Group all terms with a3 onto the left hand side of the equation:

a.b a.c a.b C a.c
a, - 30 2C) a, + 30 2 a3—La3
ac; \ ab, —ayby 4,y bz_@bl a4,y
a,
b a.c b C
3 2C) _| 55 2
M el cER Dl e (A9)
G )\ 4D, — a0 C3 b, —=%b,
a,
a a
kz_iz(kl) kz_izkl
k a a b a
=3 _ 3 k —b 1 3 1
1 0 . .
¢ 4G b —22p Gl p =%2p
) | ) |
a, a,

Normalize the right hand side of the equation by all coefficients on the left hand side of
the equation to find the explicit solution for 03 in terms of only matrix values:

kZ_&(kl) b kz_&kl

-5 —p a _bH a,
o ac| h-%p Glp %y
2 | 2 |
a a,
a, = (A.10)
1- ( asb, ] a4, + G _(%Cl ] + ([73] a4, _ G
ac; ) ab, —ab, b, _@bl 4¢3 c; )| ab, —ayhy b, _@bl

1 a,

The value solved for a; can then be used to plug back into (A.5) to solve for 0. Then,
the values of 03 and 0, can be plugged into (A.2) to solve for ;.



Modulel - 1

Sub CreateAlphaMatrix()

Sheets("Program").Select
Points = Application.WorksheetFunction.Count(Ra
Range("T2").Value = Points

Define tau points, which are known to be th
ed in cell P2, and the maximum X value.
tau_1 = Application.WorksheetFunction.Min(Range
tau_2 = Range("P2").Value
tau_3 = Application.WorksheetFunction.Max(Range

Calculate delta taus
delta_taul =tau_2-tau_1
delta_tau2 =tau_3-tau_2

' Write out tau and delta tau values to the s
Range("U4").Value = tau_1
Range("U5").Value = tau_2
Range("U6").Value = tau_3

Range("X4").Value = delta_taul
Range("X5").Value = delta_tau2

Fori=2 To Points + 1
Calculate H1 for each data point
If Cells(i, 1) >=tau_1 And Cells(i, 1) <=
Cells(i, 3).Value = (tau_2 - Cells(i, 1
Else
Cells(i, 3).Value =0
End If

Calculate H2 for each data point
If Cells(i, 1) >=tau_1 And Cells(i, 1) <=
Cells(i, 4).Value = (Cells(i, 1).Value
Elself Cells(i, 1) >=tau_2 And Cells(i, 1)
Cells(i, 4).Value = (tau_3 - Cells(i, 1
Else
Cells(i, 4).Value = 0
End If

Calculate H3 for each data point
If Cells(i, 1).Value >=tau_2 And Cells(i,
Cells(i, 5).Value = (Cells(i, 1).Value
Else
Cells(i, 5).Value = 0
End If

Calculate dx for each data point
Ifi=2 Then

Cells(i, 6).Value = (Cells(i + 1, 1).Va
Elself i = Points + 1 Then

Cells(i, 6).Value = (Cells(i, 1).Value
Else

Cells(i, 6).Value = (Cells(i + 1, 1) -
End If

Calculate H(x)g(x)dx
Cells(i, 7).Value = Cells(i, 2).Value * Cel
Cells(i, 8).Value = Cells(i, 2).Value * Cel
Cells(i, 9).Value = Cells(i, 2).Value * Cel

Next
End Sub
Sub CreateApprox()
Sheets("Program").Select
Initialize parameters for calculation
Points = Application.WorksheetFunction.Count(Ra
Yavg = Application.WorksheetFunction.Average(Ra

Appendix 3

nge("A:A")

e minimum X value, the value automatically calculat
(‘AAY)
(‘AAY)

preadsheet

tau_2 Then
).Value) / (tau_2 - tau_1)

tau_2 Then

-tau_1)/ (tau_2 - tau_1)
<=tau_3 Then

).Value) / (tau_3 - tau_2)

4).Value <=tau_3 Then
-tau_2)/ (tau_3 -tau_2)

lue - Cells(i, 1).Value) / 2
- Cells(i - 1, 1).Value) / 2
Cells(i-1,1))/2

Is(i, 3).Value * Cells(i, 6).Value
Is(i, 4).Value * Cells(i, 6).Value
Is(i, 5).Value * Cells(i, 6).Value

nge("A:A")
nge("B:B")



Modulel - 2

SStot =0
SSerr=0
Fori=2 To Points + 1
' Calculate each H*alpha
Cells(i, 10).Value = Cells(i, 3).Value * Ra
Cells(i, 11).Value = Cells(i, 4).Value * Ra
Cells(i, 12).Value = Cells(i, 5).Value * Ra
' Combine H*alpha values to create model
Cells(i, 13).Value = Cells(i, 10).Value + C
' Find contribution to sum sgaure values
SStot = SStot + (Cells(i, 2) - Yavg) * 2
SSerr = SSerr + (Cells(i, 2) - Cells(i, 13)
Next
' Calculate Rsq value of fit based on sum squ
RSq =1 - SSerr/ SStot
Range("P13").Value = RSq
End Sub
Sub RunLoop()
' Initialize parameters for calculation
Points = Application.WorksheetFunction.Count(Ra
Rsqgbest =0
" Run the two programs to create each model i
Save the highest Rsq value calculated and ¢
Fori=3To Points - 1
Range("P2").Value = Cells(i, 1)
Call CreateAlphaMatrix
Call CreateApprox
If Range("P13").Value > Rsqgbest Then
Rsgbest = Range("P13").Value
Breakbest = i
End If
Next
' Run the optimally identified Rsq fit as the
Range("P2").Value = Cells(Breakbest, 1).Value
Call CreateAlphaMatrix
Call CreateApprox
End Sub

nge("U20").Value
nge("U21").Value
nge("U22").Value

projection

ells(i, 11).Value + Cells(i, 12).Value
for model point

)" 2

are values

nge("A:A")

n a loop through each possible breakpoint
orresponding breakpoint

solution



Modulel - 1

Sub ClearData()
Sheets("InterpValues").Select
Range("A2:H60000").ClearContents
Sheets("CubicSpl").Select
Range("A2:060000").ClearContents

End Sub

Sub WriteSMatrix()
' This macro will take X-Y data pasted into col
te the s-coefficient matrix
" and b-vector to generate the s coefficients n
or, assuming
' the "not-a-knot" condition on the endpoints.
' The resultant columns G, H, |, and J should b
s coefficient matrix. The
" solution to this MATLAB program will be a col
WriteCubicCoeffs()" to fill
"in columns L, M, N, and O, which are the coef
Sheets("CubicSpl").Select
' Clear current data
Range("A2:A60000").ClearContents
Range("D2:060000").ClearContents
' Set up loop for input data
Points = Application.WorksheetFunction.Count(Ra
Range("P1").Value = Points
" Write first row, which differs from the middl
" Integer, delta_tau, [tau_i, tau_i+1]g, s coef
' There is no [tau_i-1, tau_i]g
" Columns G and J use later rows, so it is writ
Cells(2,1)=1
Cells(2, 4).Value = Cells(3, 2) - Cells(2, 2)
Cells(2,8)=0
Cells(2, 10) = Range("B4").Value - Range("B2").
Fori=3 To Points
" Write integer column
Cells(i, 1) =i-1
' Write delta_tau
Cells(i, 4) = Cells(i + 1, 2) - Cells(i, 2)
' Write [tau_i-1, tau_i]lg
Cells(i, 5) = (Cells(i, 3) - Cells(i- 1, 3
" Write [tau_i, tau_i+1]g
Cells(i, 6) = (Cells(i + 1, 3) - Cells(i, 3
"Write b_i
Cells(i, 7) = 3 * (Cells(i, 4) * Cells(i, 5
'Write s_i-1 coeff = delta(tau_i)
Cells(i, 8) = Cells(i, 4)
'Write s_i coeff = 2*(delta(tau_i-1) + delt
Cells(i, 9) =2 * (Cells(i - 1, 4) + Cells(
'Write s_i+1 coeff = delta(tau_i-1)
Cells(i, 10) = Cells(i - 1, 4)
Next
" First row columns F, G, and |
Cells(2, 7) = ((Range("D2").Value + 2 * (Range(
ue * Range("E3").Value + Range("D2") » 2 * Range("F

Cells(2, 9) = Range("D3").Value

Cells(2, 6) = (Cells(3, 3) - Cells(2, 3)) / (Ce

' Write last row, which differs from the middle

" Integer, b_i, s coefficients

' There is no delta_tau, [tau_i, tau_i+1]g, [ta

"The "s_i" column, column K, is the solution o
coefficients.

Cells(Points + 1, 1) = Points

Cells(Points + 1, 7) = (Cells(Points, 4) ~ 2 *
Is(Points - 1, 2)) + Cells(Points, 4)) * Cells(Poin
2) - Cells(Points - 1, 2))

Cells(Points + 1, 8) = Cells(Points + 1, 2) - C

Cells(Points + 1, 9) = Cells(Points - 1, 4)

Cells(Points + 1, 10) =0
End Sub

Appendix 4

umns B and C and write the necessary values to crea

eeded to do a cubic spline fit as laid out by de Bo

e copied into the MATLAB program to row reduce the
umn vector, to be copied into column K. Then, run "

ficients of the cubic spline fit.

nge("B:B"))

€ rows.
ficients

ten after the large loop

Value

)/ (Cells(i, 2) - Cells(i - 1, 2))
) / (Cells(i + 1, 2) - Cells(i, 2))
) + Celis(i - 1, 4) * Cells(i, 6))

a(tau_i))

i, 4))

"B4").Value - Range("B2").Value)) * Range("D3").Val
3").Value) / (Range("B4").Value - Range("'B2").Value

lIs(3, 2) - Cells(2, 2))

rows.

u_i, tau_i+1]g

f the row reduced matrix built from columns H-J, s
Cells(Points, 5) + (2 * (Cells(Points + 1, 2) - Cel
ts - 1, 4) * Cells(Points, 6)) / (Cells(Points + 1,

ells(Points - 1, 2)



Modulel - 2

Sub WriteCubicCoeffs()
Sheets("CubicSpl").Select
' Determine the number of input points by count ing the values under "X" in the input
Points = Application.WorksheetFunction.Count(Ra nge("B:B"))
' Apply the four cubic coefficient equations to each row
Fori=2 To Points
Cells(i, 12) = Cells(i, 3)
Cells(i, 13) = Cells(i, 11)
Cells(i, 15) = (Cells(i, 11) + Cells(i + 1,
Cells(i, 14) = (Cells(i, 6) - Cells(i, 11))
Next
Cells(Points + 1, 12) = Cells(Points + 1, 3)
End Sub
Sub Splinelnterp()
Sheets("CubicSpl").Select
' Determine the range of X values covered by th
"in the input data

11) - 2 * Cells(i, 6)) / (Cells(i, 4) » 2)
I Celis(i, 4) - Cells(i, 15) * Cells(i, 4)

e input data and the number of points

MaxVal = Application.WorksheetFunction.Max(Rang e("B:B")
MinVal = Application.WorksheetFunction.Min(Rang e("B:B")
Points = Application.WorksheetFunction.Count(Ra nge("B:B"))

Sheets("InterpValues").Select
Range("A2:H60000").ClearContents
Range("I1").Value = MinVal
Range("I2").Value = MaxVal
Range("I3").Value = Points
' Determine the number of interpolation points
"input points - 9. If the input points are all
"interpolation points between each pair of poi
" equal to one of the input points.
InterpPoints = Points * 10 - 9
' Determine how far apart each interpolated val
' with equal spacing.
InterpDelX = (MaxVal - MinVal) / (InterpPoints
' Apply the cubic spline equations for each int
' coefficients solved and listed on "CubicSpl".
' First, the match function determines which sp
" lie on, and thus which coefficients to draw.
' these coefficients, because each row on "Cubi
' (column marked i). While the sumif function i
" a single value.
' Finally, the P(x) value is solved by applying
" function of x.
' Note that this loop actually writes formulas
"and writing the values. This gives the needed
" identifiers (column marked i) that need to be
"interpolated values.
' The results of this script can be viewed grap
" after running this script.
For i =2 To InterpPoints + 1
Ifi=2 Then
Cells(i, 1).Value = MinVal
Else
Cells(i, 1) = Cells(i - 1, 1) + InterpD
End If
Cells(i, 8).Formula = "=match(A" & i & ",Cu
Cells(i, 3).Formula = "=Sumlf(CubicSpl!A2:A
Cells(i, 4).Formula = "=Sumlf(CubicSpl!A2:A
Cells(i, 5).Formula = "=Sumlf(CubicSpl!A2:A
Cells(i, 6).Formula = "=Sumlf(CubicSpl!A2:A
Cells(i, 7).Formula = "=Sumlf(CubicSpl!A2:A
Cells(i, 2).Formula="=D" & i & "+E" & i &

"&I&"N24G" &I & (A" &T&"-C" &1 &"NI"

Next

End Sub

to solve, which is 10 times the number of
equally spaced, this will create 9
nts, with the 10th point on each piece

ue should be to cover the entire range

- 1)
erpolated point, drawing on the

line the interpolated point should
Next, the sumif functions apply
cSpl" has a unique identifier

s used, it will always only grab

each coefficient to the corresponding

into cells rather than calculating
flexibility for the varying row
considered in generating these

hically by selecting the "Plot" tab

elX

bicSpli$B$2:$B$500, 1)"

60000, H" & i & ", CubicSpl!B2:B60000)"
60000, H" & i & ", CubicSpl!L2:L60000)"
60000, H" & i & ", CubicSpl!M2:M60000)"
60000, H" & i & ", CubicSpl!N2:N60000)"
60000, H" & i & ", CubicSpl!02:060000)"

A" & 1 & "-C" &1 & ")HF" &1 & (A" &1 & "-C



Appendix 5
MATLAB Scripts

The MATLAB scripts referenced in this paper are copied here for the reader’s
convenience:

PiecewiseLinearMatrixReduce.m

clear all

% Replace the data variable with the matrix from "MATLAB Input" on
the

% excel program

data = [

I;

% Row reduces the input matrix, leaving the ident ity matrix in
columns
% 1 to 3 and the solution for the alpha coefficie nts in column 4

reduc = rref(data);
% Display the alpha coefficients

alpha = reduc(:,4)



CubicSpline.m
clear all

% Replace the matrix defined as input with the 4
% the excel file, where b_iis the first column a
% coefficient matrix makes up the second, third,
% columns.

input = [
I;

% Do NOT modify below this line
points = length(input(:,1));
smatrix = zeros(points,points);

smatrix(1,1) = input(1,3);

smatrix(1,2) = input(1,4);
smatrix(points,points-1) = input(points,2);
smatrix(points,points) = input(points,3);

for i=2:points-1
smatrix(i,i-1) = input(i,2);
smatrix(i,i) = input(i,3);
smatrix(i,i+1) = input(i,4);
end

bvector = input(:,1);

fullmatrix = [smatrix bvector];
soln = rref(fullmatrix);
output = soln(:,points+1)

columns of
nd the s
and fourth



